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Abstract

The last decade showed an increased interest in Langevin equations for modeling

time series recorded from complex dynamical systems. These equations allow to dis-

criminate between deterministic (drift) and stochastic (diffusion) components of the

recorded time series. In practice, the estimation of drift and diffusion is often based

on approximations of the models’ dynamics that are only valid for high sampling

frequencies. Also, model assessment is not or only indirectly performed, potentially

leading to false claims. In this study we compare the performance of an asymptoti-

cally unbiased estimation method with a generally used approximate method, demon-

strating the necessity of using (asymptotically) unbiased estimators. Furthermore,

we describe how confidence intervals for the unknown parameters can be constructed

and how model assessment can be carried out. We apply the methodology to local

field potentials recorded in vitro from mouse hippocampus from eight genetically

different strains. The recorded field potentials turn out to be well described by lin-

early damped Langevin equations with parabolic diffusion. The modeling enables a

dynamical interpretation of the spectral power of the field potentials, it reveals that

observed spectral power differences in the field potentials across hippocampal re-

gions are associated with differences in the deterministic component of the system,

and it reveals transiently active current dipoles, that are not detectable by conven-

tional methods. Also, all estimated parameters have significant heritabilities, which

suggests that the Langevin equations capture biological relevant aspects of electrical

hippocampal activity.
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3.1 Introduction

Research on complex dynamical systems proceeds through the interplay between the

formulation and analysis of theoretical models and experimental studies. In experi-

mental research, insight is obtained through the analysis of time series recorded un-

der controlled conditions. Often, the analysis consists in the computation of indices;

quantities that characterize certain properties of the recorded time series. Although

useful for relating the recordings to experimental conditions, most indices do not

provide insight into the dynamics of the recorded time series. To capture the full

dynamical structure within the time series, explicit dynamical models have to be fit-

ted. Given the high number of degrees of freedom of complex dynamical systems, a

pragmatic approach is to model the high-dimensional deterministic dynamics using a

low dimensional noise term. Moreover, noise can have a non-trivial effect on the sys-

tems’ dynamics (van den Broeck et al., 1994) and in biological systems might even

fulfill a functional role through the mechanism of stochastic resonance (Wiesenfeld

and Moss, 1997) and (Gammaitoni et al., 1998). These considerations motivate the

use of stochastic differential equations, also called Langevin equations for modeling

time series recorded from complex dynamical systems.

The methodological difficulty in fitting Langevin equations to data consists in the

fact that in general, the transition densities are unknown, and have to be approximated

in some way, based on discretely sampled observations. Typically one uses estimators

that are unbiased up to first-order in the sampling period Δ. This implies that it

is assumed - either explicitly or implicitly - that the sampling period Δ is small as

compared to the typical time scale in the observed system. Since not all experimental

recordings allow for an arbitrarily high sampling frequency, estimators that have a

higher order of accuracy are of special importance. More accurate estimators can

be obtained by including correction terms, leading to estimators that are unbiased

up to order Δ2 (Ragwitz and Kantz, 2001; Sura and Barsugli, 2002). For certain

specific classes of Langevin equations one can explicitly compute corrections for

all orders (Anteneodo and Riera, 2009) and for one-dimensional Langevin processes

with additive noise one can define unbiased estimators (Deco et al., 2009).

Langevin equations have been successfully applied to time series recorded from

a variety of complex natural and biological systems. Examples include turbulence

(Friedrich and Peinke, 1997), stock prices (Bibby and Sørensen, 1997), traffic dy-

namics (Kriso et al., 2002), climatological systems (Sura and Barsugli, 2002; Lind

et al., 2005), the human motor system (van Mourik et al., 2006a,b; Gottschall et al.,

2009), and the cardio-respiratory system (Bahraminasab et al., 2008). The merit of

Langevin equations to understand recordings from the prototypical example of a com-

plex dynamical system, the central nervous system, is still largely unexplored. Up to

our knowledge, the studies modeling neurophysiological time series using Langevin

equations are limited to human epileptic electrocorticograms (Prusseit and Lehnertz,

2007, 2008; Lamouroux and Lehnertz, 2009) , intracellular recordings in rat audi-
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tory cortex (Deco et al., 2009), and spontaneous human brain oscillations as recorded

with electroencephalography (Bahraminasab et al., 2009) and magnetoencephalogra-

phy (Hindriks et al., 2011).

In this paper we use the method proposed in (Bibby and Sørensen, 1995), which

yields (asymptotically) unbiased estimators for a large class of Langevin equations.

We review the effect of a finite sampling period Δ on the estimation of drift and dif-

fusion functions and describe the solution proposed in (Bibby and Sørensen, 1995).

Furthermore, we describe how model assessment can be performed by defining ap-

propriate residuals and how to obtain confidence intervals for the model parameters.

The methods’ performance is compared with a general first-order method using simu-

lations, thereby illustrating the necessity of using estimation methods with high-order

accuracy. Finally, we apply the methodology to local field potentials recorded from

mouse hippocampus in vitro from eight genetically different mouse strains.

3.2 Materials and Methods

3.2.1 Stochastic differential equations

Let X = {Xt |t ≥ 0} be a one-dimensional stochastic process and let B = {Bt |t ≥
0} denote standard Brownian motion. If there exist a probability density p0 and

functions b,σ : D⊆ R−→ R such that X0 has density p0 and for every t ≥ 0

Xt = X0 +
∫ t

0
b(Xs)ds+

∫ t

0
σ(Xs)dBs, (1)

then X is said to satisfy a stochastic differential equation with drift function b, dif-
fusion function σ, and initial density p0. The set D is an interval (l,r) where l can

possibly be −∞ and r might be ∞ and is called the state space of X . The second

integral in (1) is the Itô integral with respect to B (Øksendal, 2007). Equation (1) de-

scribes a process with deterministic dynamics described by b and subject to random

fluctuations that influence the dynamics through σ. If σ is not constant but a func-

tion of the state x of the system, the random fluctuations are called state-dependent
or multiplicative. A process satisfying (1) is called a diffusion process and (1) and

is often referred to as a Langevin equation in physics. Oftentimes (1) is written in

differential form as

dXt = b(Xt)dt +σ(Xt)dBt , (2)

which should be interpreted as a short-hand form of (1). Throughout this study we

will use the differential notation (2). Besides (1) the dynamics of X can also be

described in terms of the conditional probability density pt(x) of Xt given X0 ∼ p0.

The conditional density or transition density of a diffusion process satisfies the partial

differential equation

∂pt

∂t
+

∂
∂x

[bpt − 1

2

∂
∂x

(σ2 pt)] = 0, (3)
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with initial condition p0. Equation (3) is called the forward Kolmogorov equation or

Fokker-Planck equation (Risken, 1889). Conversely, a conditional density satisfying

(3) with initial condition X0 ∼ p0 defines a diffusion process with drift function b,

diffusion function σ, and initial density p0. A diffusion process is said to possess a

stationary density p̄ if (3) has a time-independent solution p̄. The process is called

stationary if p0 = p̄. If the probability mass of X at t = 0 is concentrated in one point

x0 ∈ R so that p0(x) = δ(x− x0) we write the conditional density as pt(x|x0).

With the diffusion process X = {Xt |t ≥ 0} one can associate the transition opera-
tor πt which acts on sufficiently regular functions f through

πt f (x) = E( f (Xt)|X0 = x) =
∫

D
f (y)pt(y|x)dy, (4)

and which is related to the drift and diffusion function of X via

∂πt f (x)
∂t

= πtA f (x), (5)

where A is called the infinitesimal generator associated with X and is defined by

A f (x) = b(x) f ′(x)+
σ2

2
(x) f ′′(x), (6)

(Øksendal, 2007). The infinitesimal generator plays a central role both in deriving

estimators and in assessing their properties.

3.2.2 Finite-time effect

Suppose that we observe X0,XΔ, , · · · ,XnΔ sampled with period Δ > 0 from a sta-

tionary one-dimensional diffusion process. By expanding πt f (x) in a Taylor series

around t = 0 and repeatedly applying (5), we obtain

πt f (x) =
∞

∑
k=0

tk

k!

∂(k)πt f (x)
∂t(k)

|t=0 =
∞

∑
k=0

Ak f (x)
k!

tk, (7)

where A(k) means applying A k times to its argument. Taking f (y) = y and noting

that πΔ f (x) = E[XΔ|X0 = x] where E denotes conditional expectation, we find that

b(x) =
E[XΔ− x|X0 = x]

Δ
+O(Δ). (8)

Furthermore, by taking f (y) = y2 and using the above O(Δ) approximation of b(x)
we find that

σ2(x) =
E[
(
XΔ− x−Δb(x)

)2|X0 = x]
Δ

+O(Δ). (9)
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This motivates to define estimators for drift and diffusion by

b̂(x) =
1

ΔK(x)

n

∑
i=1

(XiΔ−X(i−1)Δ)1[x−δ,x+δ](X(i−1)Δ), (10)

and

σ̂2(x) =
1

ΔK(x)

n

∑
i=1

(
XiΔ−X(i−1)Δ−Δb̂(X(i−1)Δ)

)21[x−δ,x+δ](X(i−1)Δ), (11)

where 1 denotes the indicator function and

K(x) =
n

∑
j=1

1[x−δ,x+δ](X( j−1)).

Thus b(x) and σ2(x) are estimated by averaging XiΔ−X(i−1)Δ and
(
XiΔ−X(i−1)Δ−

b̂(X(i−1)Δ)
)2

respectively, over those samples i for which X(i−1)Δ ∈ [x−δ,x+δ] for a

chosen binning parameter δ > 0. The estimators defined in (10) and (11) are equiva-

lent with the Euler-Maruyama approximation of the dynamics of Xt , which is given

by

X(i+1)Δ = XiΔ +Δb(XiΔ)+
√

Δσ(XiΔ)ξi

where the ξi are independent standard normal variables (Kloeden and Platen, 1992).

We will therefore refer to these estimators as the EM estimators. When in the expres-

sion for σ̂2 the term Δb̂(X(i−1)Δ) is neglected, one obtains the estimator proposed in

(Siegert et al., 1998). Alternatively, the estimation can be done using a smoothing

kernel (Lamouroux and Lehnertz, 2009) or parametrically using a least squares fit

(Gottschall et al., 2009). However, (8) and (9) show that these estimators are biased,

that the bias is of the order Δ. This is called the finite-time effect. As a consequence,

these estimators can only be used when Δ is small enough so that these sums can be

neglected. Unfortunately, even when this is the case, it is hard to confirm in practice,

since A is generally unknown.

3.2.3 Estimating equations

In this study we take a different approach and consider the following estimation

problem. Given a sampling period Δ > 0 and observations X0,XΔ, , · · · ,XnΔ from a

one-dimensional stationary diffusion process X = {Xt}t≥0 with state-space D and pa-

rameterized drift function bα, α ∈ R
p and diffusion function σβ, β ∈ R

q, estimate α
and β. Let us write θ = (α,β) ∈R

p+q. To estimate θ we adopt the estimation method

described in (Bibby and Sørensen, 1995). The estimator θ̂ = (α̂, β̂) is obtained by

solving the estimating equation

Gn(θ) = 0, (12)
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with estimating function

Gn(θ) =
n

∑
i=1

ω(X(i−1)Δ;θ)

(
XiΔ−m1(X(i−1)Δ;θ)(

XiΔ−m1(X(i−1)Δ;θ)
)2−m2(X(i−1)Δ;θ)

)
. (13)

In this equation, m1 and m2 are the conditional expectation and conditional variance,

respectively:

m1(x) =
∫

D
ypΔ(y|x)dy, (14)

and

m2(x) =
∫

D
(y−m1(x))2 pΔ(y|x)dy, (15)

where we used the stationarity of X . Furthermore, ω is a (p+ q)× 2 weight matrix

given by

ω(X(i−1)Δ;θ) =
(∂θbα(X(i−1)Δ)

σ2
β(X(i−1)Δ)

,
∂θσ2

β(X(i−1)Δ)

2Δσ4
β(X(i−1)Δ)

)
, (16)

where ∂θbα and ∂θσ2
β denote the gradients of b and σ2, respectively, with respect to

θ (Bibby and Sørensen, 1995). In (Bibby and Sørensen, 1995) it is derived that, for

n large, the sampling distribution of the estimator θ̂ is (approximately) normal with

mean the true value θ0 and covariance matrix Σ/n, i.e. θ̂ is asymptotically unbiased

and normal.

We solve (13) by a numerical optimization scheme using the estimate obtained

from a least squares regression on the nonparametric estimators (10) and (11) as ini-

tial guess. If m1 and m2 are known, they can be substituted into (13). If m1 and m2 are

unknown, they can be approximated at the point X(i−1)Δ by simulating Xt L times in

the interval [0,Δ] using an appropriate numerical scheme (Kloeden and Platen, 1992)

with time-step Δ/M and with initial value X(i−1)Δ. Subsequently, m1(X(i−1)Δ) and

m2(X(i−1)Δ) are estimated by the mean and variance, respectively, of the endpoints of

the L simulations. In (Kessler and Paredes, 2002) it is shown that simulations of m1

and m2 do not introduce a bias and can be made arbitrarily accurate by increasing M.

3.2.4 Confidence intervals

To determine confidence intervals for θ we exploit the asymptotic normality of θ̂ and

use estimates of the variances of (functions of) the components of θ̂. As derived in

(Bibby and Sørensen, 1997) Σ−1 can be expressed in terms of the first four (central)

moments m1,m2,m3,m4, where

mk(x) =
∫

D
(y−m1(x))k pΔ(y|x)dy, (17)

for k = 3,4. If only m1 and m2 are known, we can still obtain an analytical expression

for Σ−1 by making a Gaussian approximation to the transition density of X , thus
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setting m3 = 0 and m4 = 3m2
2. This leads to the following expression for Σ−1:

Σ−1 =
∫

D
κθ̂(x)p̄(x)dx, (18)

where κθ̂ is a (p+ q)-blockdiagonal matrix with p-dimensional upper block κα̂ and

q-dimensional lower block κβ̂ given by

κα̂(x) = m2(x)∂α̂m1(x)∂α̂m1(x)T , (19)

and

κβ̂(x) = m2
2(x)∂β̂m2(x)∂β̂m2(x)T , (20)

where ∂α̂m1(x) denotes the vector of partial derivatives of m1(x) with respect to α in

the point α̂. This approximation is expected to work well when Δ is small. Using the

assumed ergodicity of X , we can estimate Σ−1 by

Σ̂−1 =
1

n+1

n

∑
i=0

κθ̂(Xi). (21)

Σ̂ is then obtained by numerically inverting Σ̂−1. The diagonal elements of Σ̂ are the

estimated variances of the components of θ̂. From these variance estimates an due to

the asymptotic normality of θ̂, confidence intervals for the components of θ follow in

the usual way.

For a differentiable function g : Rp+q −→ R the distribution of g(θ̂) is normal

with expectation g(θ0) and variance ∂θ̂g(θ̂)Σ̂∂θ̂g(θ̂)T/n, where ∂θ̂g(θ̂) denotes the

gradient of g in θ̂, T denotes the transpose, and, again, θ0 denotes the true parameter

value. Confidence intervals for the estimated drift and diffusion functions bθ̂(x) and

σ2
θ̂(x) in the point x can now be obtained by applying the above observation to g(θ̂) =

bθ̂(x) and g(θ̂) = σ2
θ̂(x), respectively. If the infinitesimal moments are unknown,

confidence intervals for the components of θ can be obtained by bootstrap sampling

from the estimated model, which means that the distribution of the components of

θ̂ are simulated by estimating θ a large number of times using simulations from the

model with θ = θ̂.

3.2.5 Model verification

Suppose we obtain the estimate θ̂ of θ from observations X0, · · · ,XnΔ. If the estimated

model fits, the random variables

Ui =
∫ XiΔ

l
pΔ(x|X(i−1)Δ; θ̂)dx (22)

for i = 1, · · · ,n are approximately independent and uniformly distributed over the

interval [0,1]. The random variables U1, · · · ,Un are called the uniform residuals of
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the estimated process (Bibby and Sørensen, 1997). Since in general the transition

density pΔ is unknown, we simulate L′ trajectories of X on [0,Δ] with sufficiently

small time-step Δ/M′ and starting in X(i−1)Δ. The residual Ui is then estimated by the

fraction of the trajectories’ endpoints that are ≤ XiΔ. By choosing L′ and M′ large

enough, this estimate can be made arbitrarily accurate.

Alternatively, model verification can also be performed by comparing the ob-

served (univariate) distribution of X0,XΔ, · · · ,XnΔ with the distribution generated by

the fitted model (Gottschall et al., 2009). However, although a good fit implies an

agreement between the observed and reconstructed data distributions, such an agree-

ment does not guarantee that the model fits the data. The reason for this is that by

comparing marginal distributions, the temporal dynamics of the time series are not

explicitly used. In contrast, the uniform residuals explicitly compare the temporal

properties of the data with those of the model.

3.3 Results

3.3.1 Linear damped system with parabolic noise

To illustrate the methodology, we chose a linearly damped system X = {Xt}t≥0 with

parabolic diffusion, that is,

dXt =−θ1Xtdt +
√

θ2 +θ3Xt +θ4X2
t dBt , (23)

where θ1,θ2, and θ4 are non-negative. Simulations were performed using the 1.5

Strong Taylor scheme with time-step 10−4 seconds (see Appendix A). The parameter

θ1 is the (strength of) damping in the system and quantifies how quickly the system

returns to equilibrium after a perturbation. The parameter θ2 is the noise intensity
and quantifies the intensity of the state-independent fluctuations. The parameter θ3

quantifies to which extent the magnitude of the fluctuations depends on the sign (pos-

itive or negative) of the state and we will refer to it as the asymmetry in the system.

The parameter θ4 quantifies the rate with which the fluctuations increase when the

system is further away from equilibrium and we refer to it as the parabolicity of the

system. We assumed all parameters to be unknown, thus we set θ = (θ1,θ2,θ3,θ4).
The conditional moments m1 and m2 of X can be calculated explicitly and are given

by

m1(x) = xe−θ1Δ (24)

and

m2(x)= x2e−2θ1Δ(eθ4Δ−1)+
θ2

2θ1−θ4
(1−e(θ4−2θ1)Δ)+

θ3x
θ1−θ4

e(θ4−2θ1)Δ(e(θ1−θ4)Δ−1)

(25)
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(see Appendix B). Furthermore, the weight matrix from (16) is given by

ω(x;θ) =
1

2Δσ4(x)

⎛
⎜⎜⎝
−2Δxσ2

θ(x) 0

0 1

0 x
0 x2

⎞
⎟⎟⎠ , (26)

where σ2
θ(x) = θ2 + θ3x+ θ4x2 denotes the squared diffusion function of the above

process.

3.3.2 Performance

In all simulations we chose the sampling period Δ = 0.005 seconds, and θ =
(150,300,10,20). This choice for Δ equals the sampling period of the experimental

time series used in the results section. These choices are representative and enable

us to show the difference in performance between the first-order estimator and the

(asymptotically) unbiased estimator.

In the first simulation we compared the accuracy of the estimator obtained from

a least squares regression on the nonparametric estimates defined in Sect. 3.2.3 with

the asymptotically unbiased estimator. The former is denoted with θ̂EM where the

subscript EM stands for Euler-Maruyama, and the latter is denoted by θ̂CS where

CS stands for consistent. We simulated N = 500 paths from (23), each of length

n = 10.000 samples and computed θ̂EM and θ̂CS for each path. The results are shown

in Figure 3.1. Although this cannot be seen from the figure, both the EM and the CS
estimates are normally distributed. More importantly, the EM estimates are severely

off, which illustrates that the corresponding estimators are strongly biased, whereas

the CS estimates lie around the true value, which confirms the fact that the CS es-

timators are asymptotically unbiased. Specifically, the EM estimator systematically

underestimates the true values of all four parameter components.
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Figure 3.1. Consistent estimates outperform the Euler-Maruyama estimates. Shown are 500 es-

timates of all four parameters using the Euler Maruyama method (a) and using the consistent esti-

mation method (b). The black horizontal lines indicate the true values of the parameter components;

θ = (150,300,10,20). In particular for the noise intensity and the asymmetry, the consistent estimates

are more centered around the true values than the Euler-Maruyama estimates.

Figure 3.2. Confidence intervals for drift and diffusion functions. Shown are the true drift function

(a) and true squared diffusion function (b) together with 95% confidence intervals for three different

values of n (100, 1000, and 10000). The confidence intervals approach the true functions as n increases.

To illustrate the asymptotic behavior of the approximated confidence intervals (21),

we simulated one path from (23) of length n = 10.000 and constructed the 95% con-

fidence intervals using different parts of the simulated path, namely the first 100,

1.000, and 10.000 samples, respectively. The confidence intervals were constructed

using the true value of θ. The resulting three confidence intervals for the drift and
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squared diffusion function are shown in Figure 3.2. Indeed, as the number of sam-

ples increases, the confidence intervals concentrate nicely around the true drift and

diffusion functions. We also performed the same simulation with the exact confi-

dence intervals based on (18) and found no appreciable differences. This shows that,

at least for the chosen sampling period, the approximated confidence intervals are

adequate.

To illustrate how the uniform residuals constructed in Sect. 3.2.5 allow model

verification to be performed, we simulated one path from (23) of length n = 10.000

and computed θ̂EM and θ̂CS and computed the uniform residuals based on each of

the estimates. The residuals were computed using the 1.5 strong Taylor scheme (Ap-

pendix B) with L′ = 100 trajectories and M′ = 50 intermediate time-steps. Figure 3.3

shows the empirical distribution functions and the autocorrelation functions for the

resulting residuals. The figure shows that the residuals constructed using θ̂EM are not

uniformly distributed and are not completely uncorrelated, indicating a deviation of

θ̂EM from the true value of θ. On the other hand, the residuals computed from θ̂CS

are indeed uniformly distributed and do not exhibit autocorrelations.

Figure 3.3. Comparison of residuals using consistent and Euler-Maruyama estimates. Shown are

the autocorrelation functions (a) and the empirical cumulative distribution functions (CDF) (b) of the

uniform residuals constructed using the Euler-Maruyama (dashed line) and consistent estimates. The

residuals derived using the consistent estimates have smaller autocorrelations and are more uniformly

distributed than those derived using Euler-Maruyama estimates.

3.3.3 Application to spontaneous electrical hippocampal activity in vitro

Among the most commonly used indices used to characterize neurophysiological

time series are spectral power (within a specified frequency band), correlation coeffi-
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cients, and coherence (Pereda et al., 2005). By correlating the computed index values

with cognitive, behavioral, pharmacological, or genetic factors, links between these

factors and the underlying neurophysiological processes are established. For exam-

ple, in (Montgomery and Buzsáki, 2007) the power and coherence of hippocampal

field potentials recorded from rat hippocampus were shown to correlate with task

specific changes during a spatial memory task and in (van Vugt et al., 2010) power in

the gamma frequency band (30-100 Hz) of local field potentials recorded from hip-

pocampus of neurosurgical patients was shown to correlate with memory load during

a memory task. In (Fisahn et al., 1998) spectral and correlation analysis were used

and in (Mann and Mody, 2010) spectral peak-frequency was used to characterize

cholinergically induced local field potential oscillations in vitro in rat (resp. mouse)

hippocampus. Although these time series indices can succesfully characterize the

recorded time series and be used to discriminate between experimental conditions,

they do not provide insight into the time series’ dynamics. For this, explicit dynami-

cal models have to be fitted to the data. For example, in (Prusseit and Lehnertz, 2008)

a fitted Langevin equation motivated the definition of a novel time series index, which

was able to distinghuish between physiological and pathological brain activity. In the

following we model hippocampal local field recordings with Langevin equations, in

order to understand more about the underlying dynamics and to investigate properties

of the model parameters.

3.3.4 Recordings and pre-processing

Electrical processes in hippocampus play an important role in memory formation

(Squire and Zola-Morgan, 1991) and they are known to be altered by Alzheimer’s

disease (Sperling, 2007) and schizophrenia (Jessen et al., 2003). We used local field

potentials recorded from the hippocampus of mice from eight widely studied inbred

mouse strains (129S1SvImJ, A/J, Balb/cByJ, C3H/HeJ, C57Bl6/J, DBA/2J, FVB/NJ

and NOD/LtJ). The strains used in this study are known to differ in many behavioral

and physical phenotypes, and are currently also analysed in the Mouse Phenome

Database (http://www.jax.org/phenome), where they form a proportion of the toppri-

ority mouse strains, owing to their widespread usage and genetic diversity (Fernandes

et al., 2004; Hovatta et al., 2005). Measuring an index from different genetic strains

allows to estimate the heritability of the index, i.e, the percentage of the observed

variance that is caused by genetic factors (Hegmann and Possidente, 1981). The

strains used here are also known to be different in many hippocampus related behav-

ioral, physiological (Schwegler et al., 1996) and neurophysiological traits (Jansen

et al., 2009), and therefore are an excellent population to estimate the heritability of

indices derived from hippocampal activity.

The experimental protocol is described in (Jansen et al., 2009). In short, mice

were decapitated at postnatal day 13-15 and horizontal slices from the ventral hip-

pocampus were cut and placed in the recording units that contained artificial cere-
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brospinal fluid. Brain cells stay alive in this condition and hippocampal slice activ-

ity has characteristics comparable with activity measured in the intact hippocampus

(Csicsvari et al., 2003; Mann et al., 2005). In the recording unit, spontaneous local

field potentials were recorded at 200 Hz using an 8-by-8 multi-electrode grid with

200 micrometer inter-electrode spacing. Each grid contained four deficient channels,

which were removed leaving 60 channels for analysis. The complete data-set con-

sisted of 50-second epochs (n = 10.000 samples) of field potentials, recorded from

each of the 60 electrodes and from ten slices (from different mice) from each of the

eight strains. Thus, the total number of time series analyzed is 60× 10× 8 = 4800.

All time series where filtered between 2 and 99 Hertz using a 4-th order zero-phase

Butterworth filter. Line noise was removed by applying a bandstop filter of the same

type between 45 and 55 Hz.

Figure 3.4. Mouse hippocampal field potentials in vitro. The figure shows the first five seconds of

eight representative time series (a)-(h). All eigth time series are scaled to unit variance.

3.3.5 Model selection and assessment

From each of the eight mouse lines we randomly selected one mouse and for each

of the eight mice, we randomly selected one of the 60 electrodes. Before fitting

Langevin models, the time series were scaled to unit variance. Figure 3.4 shows
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the first five seconds of each of the eight selected time series. The nonparametric

estimators defined in Materials and Methods suggested that a linear drift function

and parabolic squared diffusion function would fit the data. This lead us to fit the

Langevin equation (23), which we also used for theoretical investigation (see Sect.

3.3.1 and 3.3.2).

Figure 3.5. Model assessment for representative local field potential signal. The figure shows the

estimated drift functions (a) and squared diffusion functions (b) (solid lines) together with their 95%

confidence intervals (dash-dotted lines), empirical distribution functions (c) and autocorrelation func-

tions of the residuals (d), and observed (solid line) and estimated (dashed line) data distributions (e).

All are computed from a single representative time series.

damping noise intensity asymmetry parabolicity

220.0 ± 11.4 400.3 ± 38.6 17.1 ± 24.0 39.6 ± 28.6

220.6 ± 11.2 428.0 ± 42.6 11.5 ± 24.3 12.7 ± 30.8

260.0 ± 14.0 494.3 ± 58.0 2.3 ± 32.7 25.5 ± 44.7

183.4 ± 9.0 363.5 ± 30.3 12.9 ± 18.0 3.6 ± 20.3

214.1 ± 10.9 411.3 ± 39.2 -7.2 ± 23.0 16.6 ± 28.1

197.2 ± 9.9 374.1 ± 32.6 -14.9 ± 20.2 19.2 ± 22.9

172.4 ± 8.5 325.5 ± 25.1 31.2 ± 16.9 16.9 ± 17.0

137.9 ± 6.9 262.9 ± 17.9 6.7 ± 11.6 12.1 ± 11.5

Table 3.1. The parameter estimates for the eight selected signals, together with the corresponding
marginal 95% confidence bounds.

For each of the eight selected time series we estimated θ = (θ1,θ2,θ3,θ4). As

mentioned earlier we refer to θ1,θ2,θ3, and θ4 as damping, noise intensity, asym-
metry, and parabolicity, respectively. The resulting estimates are listed in Table 3.1.

As can be seen from Table 3.1, the estimated damping and noise intensity are al-

ways significantly positive; the estimated asymmetry tends to be different from zero

but is only significantly different from zero for one of the time series; and the esti-

mated parabolicity is always positive and significantly positive for three of the eight

time series. Thus, the fits show that the stochastic fluctuations in the time series

may be multiplicative, at least in a number of recordings. In particular, these time
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series cannot adequately be modeled by Ornstein-Uhlenbeck processes (for which

θ3 = θ4 = 0). Figures 3.5(a) and 3.5(b) show, for one of the eight signals, the es-

timated drift and squared diffusion functions, respectively, together with their 95%

confidence intervals, again emphasizing the need for a non linear diffusion function.

Figure 3.5(c) shows the autocorrelation function of the residuals, that deviates only

little from zero. The residuals were computed using L’ = 100 simulated trajectories

and M’ = 50 intermediate time-steps. Figure 3.5(d) shows the observed data distri-

butions, together with the reconstructed data distributions based on the fitted models.

We see that the model provides a reasonable account for the observed data distribu-

tions. Taken together, Figures 3.5(c-d) show that the proposed model is a reasonable

first approximation of the data’s dynamics. Further analysis (not shown) shows that

the results on the eight selected time series are representative for the total data-set.

Figure 3.6. Asymmetry parameter reveals current dipole. (a) Top row: Photographic images of three

hippocampal slices with schematic representations of the recording electrodes (the black dots). Bottom

row: interpolated spatial profiles of the estimated asymmetry parameter. The outer black lines denote

the boundary of the hippocampal slices. The inner black lines denote the positions of the pyramidal cell

bodies. (b) Two time series selected from the first slice in (a): one for which the asymmetry parameter is

smaller than 0 (blue) and one for which the asymmetry parameter is larger than 0 (red). The peaks of the

red and blue signals are strongly negatively correlated, indicating a short activation of a current dipole.

In (c) a part of (b) is magnified, illustrating the negative correlation between the large fluctuations.

3.3.6 Asymmetry parameter reveals transiently active current dipoles

We fitted the Langevin equation (23) to the field potentials recorded from each of the

60 electrodes, and for each of the (10×8 = 80) slices. In this section we concentrate

on the estimated asymmetry parameter θ3. Figure 3.6(a) shows photographic images
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of three hippocampal slices, together with the corresponding spatial profiles of θ3.

The spatial distributions contain a bimodal shape consisting of a region where θ3 < 0

and a region where θ3 > 0. Such a bimodal shape of θ3 was present in about 40% of

the slices and the three slices that are shown are representative for these. A typical

feature of these bimodal shapes is that they are always perpendicular to the pyramidal

cell layer (the inner black lines) and that the region where θ3 > 0 is located in the

interior of the pyrimidal cell body layer. Figure 3.6(b) shows two of the 60 signals

(from the first slice) recorded from the two ends of the bimodal shapes: one for

which θ3 was maximally negative (blue) and one for which θ3 was maximally positive

(red). The signal with positive θ3 contains large positive fluctuations, the signal with

negative θ3 large negative fluctuations. The large fluctuations reflect the non-zero

values of θ3. Closer examination of the two field potentials reveals that the large

fluctuations are strongly anti-correlated (see Figure 3.6(c)). This is in contrast to

segments of these field potentials that contained no large fluctuations: these segments

are uncorrelated. The anti correlated fluctuations may be caused by short bursts of

neuronal activity generated by an underlying sink-source pair creating a dipole. The

location of this dipole as suggested by the topography of the asymmetry parameter

coincides with the location of a dipole generating oscillations in these slices (Mann

et al., 2005). Importantly, a conventional sink-source analysis (Mitzdorf, 1985) could

not detect these transiently active current dipoles. For this analysis, the local field

potential data is transformed by taking the second spatial derivative for each (60

dimensional) sample (Mitzdorf, 1985; Mann et al., 2005). Visual inspection of this

transformation did not reveal any sink-source pairs (results not shown).

3.3.7 Dynamics underlying observed power differences

In general, the spectral power v of a time series generated via the Langevin equation

(23) depends on all four model parameters θ1,θ2,θ3, and θ4. A general formula for

this dependence, however, is hard to derive. Fortunately, since the estimated values

of θ3 and θ4 in this study are small as compared to θ1 and θ2 (see Table 3.1) we

can neglect their contribution to v and approximate v by the spectral power of an

Ornstein-Uhlenbeck process (for which θ3 = θ4 = 0). This spectral power is given

by

v =
θ2

2

2θ1
,

which states that the spectral power of the recorded time series is largely deter-

mined by the ratio of the (squared) noise intensity θ2
2 and the damping θ1. Since

the (squared) noise intensity characterizes the strength of the stochastic fluctuation

and the damping characterizes the deterministic dynamics of the system, the above

formula for v allows us to interpret the power of the recorded field potentials as the

result of the relative strengths of stochastic and deterministic forces. Thus, observed

differences in power between hippocampal regions can be associated with differences
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Figure 3.7. Spatial profiles of spectral power, damping, and noise intensity. (a) Photographic images

of three hippocampal slices with schematic representations of the recording electrodes (the black dots).

Columns (b), (c), and (d) show the interpolated spatial profiles of the spectral power, damping, and

noise intensity, estimated from the time series of the three slices depicted in (a).The spatial profiles

of the spectral power and the damping are strongly anti correlated, indicating a relation between the

spectral power and the deterministic dynamics of the local field potentials.

in the stochastic (noise intensity) or in the deterministic (damping) part of the dynam-

ics. We empirically investigated differences between the recordings at the 60 spatial

locations on this aspect.

Figure 3.7 shows the spatial profiles of the spectral power, damping, and noise

intensity, for the three slices as in the previous section. The figure shows that - across

the hippocampal slice - the spectral power strongly anti-correlates with the damping

and correlates (although less strong) with the noise intensity. These observations are

representative for all slices. In order to validate these correlations on the group level,

we divided the 60 spatial locations in nine anatomical regions (see Figure 3.8). For

the spectral power, damping and noise intensity, we computed one summary value

per subregion by taking the mean of the spectral power, damping, and noise intensity,

respectively, over all 80 recorded slices. We found correlation coefficients r =−0.89

and r = 0.60 between the spectral power and damping and between the spectral power

and noise intensity, respectively. Furthermore, damping and noise intensity do vary

significant across hippocampal regions; damping differed the most between region 1

and region 6 (p < 10−10, pairwise t-tests, Bonferroni corrected) and noise intensity

between region 2 and region 6 (p < 10−8, pairwise t-tests, Bonferroni corrected).

Together, Figures 3.7 and 3.8 show that differences in field potential power across
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Figure 3.8. Model parameters differ between hippocampal subregions. For each of the nine hip-

pocampal subregions, the means of the spectral power, damping, and noise intensity across all record-

ings are shown as bars with their 95% confidence intervals ((a),(c),(e)) and color coded in the hippocam-

pal maps ((b),(d),(f)). Paired t-tests showed significant differences between hippocampal regions 1 and

6 for damping, and between regions 2 and 6 for noise intensity.

hippocampal regions are mainly associated with differences in the deterministic dy-

namics, and less with the differences in the stochastic dynamics.

3.3.8 Heritability of model parameters

The observed value of a trait from a hippocampal slice is the result of both genetic and

environmental influences. To investigate the extent to which a trait is influenced by

genetic factors, we may estimate its heritability. The heritability of a trait is a measure

for the proportion of the total variance of the trait that is caused by genetic variation.

The remainder of the variance is assumed to be due to environmental factors. For

inbred strains the heritability h2 of a trait is defined as

h2 =
σ2

G/2

σ2
G/2+σ2

E
, (27)
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Figure 3.9. Parameter variability among mouse strains. For the spectral power (a) and each of

the model parameters ((b)-(e)), the means (bars) and (upper) 95% confidence intervals for the means

are shown for each mouse strain. On the right hand side, the corresponding p-values of ANOVA and

heritability scores (h2) are listed.

where σ2
G is the component of variance between strains and σ2

E is the component

of variance within strains (Hegmann and Possidente, 1981). The value of h2 ranges

between 0 and 1, where 0 means no genetic contribution to the trait, and 1 means that

the trait is controlled only by genetic factors. We estimated heritability as described

in (Jansen et al., 2009).

We estimated the heritability of five different traits; the spectral power and the

four Langevin parameters. For each recording we obtained 60 estimates per param-

eter (one for each electrode), and summarized the 60 estimates into one as follows.

For the spectral power, noise intensity and parabolicity we chose the maximum over
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all electrodes. For damping, we chose the minimum. Taking the maximum or mini-

mum of the asymmetry parameter yielded similar results. Figure 3.9 lists the means

of the traits per mouse strain, together with their upper (95%) confidence bounds,

and the estimated heritabilities for spectral power (11%), damping (8%), noise inten-

sity (8%) assymetry (17%) and parabolicity (7%). The marked differences between

mouse strains indicate that properties of the recorded field potentials captured by the

Langevin parameters are substantially influenced by genetic factors.

3.4 Conclusions

In this study we compared a consistent estimation method for drift and diffusion func-

tions (Bibby and Sørensen, 1995) with a method that results from making first-order

approximations to the transition densities. As our simulations have shown, for the

sampling frequency considered, the consistent method is applicable whereas the first-

order method yields highly biased estimates. Although we did not show it through

simulations, when the sampling period gets larger, the first-order estimator gets more

biased while the consistent estimator stays consistent. Therefore, in practical appli-

cations, first-order methods can only safely be used when sampling frequencies are

high enough. How high they should be depends on the detailed dynamics of the sys-

tem under consideration and is often hard to determine beforehand. Therefore, in

general it is safer to make use of consistent estimation methods that are applicable

for all sampling frequencies.

Concerning our application to hippocampal local field potentials, we can draw

a number of conclusions and speculate about possible physiological implications.

First, the recorded field potentials can be described by linearly damped Langevin

equations with parabolic diffusion, which we assessed by inspecting appropriately

defined residuals. It is interesting to mention that in (Prusseit and Lehnertz, 2007) it

was found that local field potentials recorded from human temporal lobe under phys-

iological conditions can be described by the same model. In (Deco et al., 2008) is it

derived that the population activity of leaky integrate-and-fire cells in the meanfield

approximation is given by an Ornstein-Uhlenbeck process. In this process, the damp-

ing corresponds to the reciprocal of the membrane time-constant of the integrate-

and-fire cells. Moreover, the diffusion constant - which equals the noise intensity

in our study - is proportional to the variance in the spike-trains arriving at the cells.

This gives a physiological interpretation of both the damping and the noise intensity.

The other two parameters, namely, asymmetry and parabolicity, might be related to

stochastic network properties of the cell populations and point towards deviations

from the statistics of leaky integrate-and-fire models with Poisson spike-trains. How-

ever, a more detailed analysis of the physiological interpretation of the multiplicative

structure of the field potential recordings analyzed in this study requires the use of

computational models on the cellular level and is beyond the scope of this study.

In about 40% of the analyzed hippocampal slices, the asymmetry in the diffusion
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pointed towards an underlying active current dipole. Importantly, these dipoles could

not be detected by solely inspecting the spectral power of the time series nor by per-

forming standard sink-source detection analysis. Most likely this is due to the short

time interval in which the dipoles are active. Many dipoles are observed in hippocam-

pus in vivo (Montgomery et al., 2009). In slice preparations however, maximally two

different dipoles seem to stay intact and these always have been associated with os-

cillating potentials (Mann et al., 2005). To our knowledge, these dipoles have never

been identified in the absense of the cholinergic agonist carbachol as in the current

study.

We found a strong (negative) correlation between spectral power and damping,

and a weaker (positive) correlation between the spectral power and the estimated dif-

fusion parameters of the recorded field potentials. Thus, spectral power differences

across hippocampal regions are mainly deterministic in nature. Importantly, this con-

clusion cannot not be drawn by only analyzing the power of the recorded potentials.

The found anatomical specificity of the damping and noise intensity is an indication

that they indeed capture physiologically relevant features of the underlying neuronal

circuits, and is in line with the diversity of hippocampal neurons and their firing prop-

erties (Klausberger and Somogyi, 2008). In view of the above physiological interpre-

tation of the drift and diffusion parameters, the strong correlation between spectral

power and damping over regions, suggests that the strength of the field potentials is

mainly correlated with intrinsic neuronal properties and to a lesser extent by network

properties. A suggestion that is consistent with the simulation study performed in

(Dı́az et al., 2007).

When estimating high order statistics such as the Langevin parameters from bio-

logical time series, one of the questions is whether the parameters have any biological

relevance. By showing that mice with different genetic background differ in these pa-

rameters, we ascertain that the observed variance in the Langevin parameters is not

only caused by (environmental) noise, but at least for a small percentage by genetic

factors, which suggests that these parameters measure aspects of a biological process.

The estimated heritabilities for the Langevin parameters are in the same range as for

several amplitude and inter-regional correlation measures (Jansen et al., 2009). We

found that the asymmetry in the diffusion has the largest heritability (17%). Mouse

strains with a high (absolute) asymmetry have more active current dipoles, which

may have consequences at higher levels of brain function.

In conclusion, the findings in this study show that the proposed Langevin equa-

tions are suitable to model the dynamics of the analyzed mouse hippocampal local

field potentials in vitro and that they capture biologically relevant aspects of these

data.
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Appendix A: Numerical simulation scheme of the parabolic diffusion process

In the simulations of the parabolic diffusion process (23) we used the 1.5 strong Tay-

lor numerical scheme (Kloeden and Platen, 1992). Suppressing the state-dependence

of the drift and diffusion functions b and σ and writing b′ and σ′ for their derivatives

with respect to the state, the 1.5 strong Taylor scheme has the form:

X(n+1)Δ = XnΔ + bΔ+σξ1 +
1

2
σσ′
(
ξ2

1−Δ
)
+b′σξ2 +

1

2

(
bb′+

1

2
σ2b′′

)
Δ2

+
(
bσ′+

1

2
σ2σ′′

)(
ξ1Δ−ξ2

)
+

1

2

(
σ(σσ′′+(σ′)2

)(1

3
ξ2

1−Δ
)
ξ1,

where Δ is the sampling period and (ξ1,ξ2) is a 2-dimensional Gaussian variable with

mean zero and covariance matrix Σξ given by

Σξ =

(
Δ 1

2
Δ2

1
2
Δ2 1

3
Δ3

)
,

which are obtained by the transformation ξ = T η with η = (η1,η2) independent

standard Gaussian variables and

T =
√

Δ

(
1 0

1
2
Δ 1

2
√

3
Δ

)
.

Appendix B: Conditional mean and variance of the parabolic diffusion process

To derive the conditional mean m1(x) and variance m2(x) of the diffusion process

from (23) we use (5). Taking f (x) = x we find that πt f (x) satisfies the linear differ-

ential equation

∂tπt f (x) =−θ1πt f (x).

Noticing that m1(x) = πΔ f (x) and solving the differential equation we obtain (24).

Taking f (x) = x2 we find that πt f (x) satisfies the linear differential equation

∂tπt f (x) = (θ4−2θ1)πt f (x)+θ2 +θ3xe−θ1t ,

from which we obtain

πt f (x) =
θ2

2θ1−θ4
+Ce(θ4−2θ1)t +

θ3x
θ1−θ4

e−θ1t ,

for certain constant C ∈ R. Since m2(x) = πΔ f (x)−m1(x)2 we get

m2(x) =−x2e−2θ1Δ +
θ2

2θ1−θ4
+Ce(θ4−2θ1)Δ +

θ3x
θ1−θ4

e−θ1Δ.
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Substituting Δ = 0 in the previous equation gives

C = x2− θ2

2θ1−θ4
− θ3x

θ1−θ4
,

from which we obtain (25).
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